
Experiential Control Design

Optimizations

General Formulation

min
𝑧

𝑓(𝑧)

subject to 𝑧 ∈ 𝑆 ⊆ 𝑍

𝑧 collects decision variables

𝑍 domain of decision variables

𝑆 ⊆ 𝑍 is the constraint set with feasible decisions

𝑓 : 𝑍 → ℝ assigns a cost 𝑓  to each decision 𝑧

Least possible cost

𝑓(𝑧⋆) = 𝑓⋆

Classical unconstrained

e.g. min of a linear function

𝑐⊤𝑧 + 𝑘

or min of a positive definite quadratic function

𝑧⊤𝐻𝑧 + 𝑐⊤𝑧 + 𝑘

Positive Definite

Symmetric and 𝐻 ≥ 0

Negative Definite

Symmetric and 𝐻 ≤ 0

Unbounded problem

𝑧⋆ = DNE

Indefinite

Definitions

Norm

‖𝑧‖2 = 2-norm of 𝑧 = √𝑧2
1 + 𝑧2

2 + … + 𝑧2
𝑛

‖𝑧‖1 = 1-norm of 𝑧 = |𝑧2
1| + |𝑧2

2| + … + |𝑧2
𝑛|

‖𝑧‖∞ = ∞-norm of 𝑧 = max{|𝑧2
1| + |𝑧2

2| + … + |𝑧2
𝑛|}

Nonlinear Programming (NLP) Formulation

min
𝑧∈𝑍

𝑓(𝑧)

subject to 𝑔𝑖(𝑧) ≤ 0 𝑖 = 1, …, 𝑚
ℎ𝑗(𝑧) = 0 𝑗 = 1, …, 𝑝

Domain 𝑍 ⊆ ℝ𝑠 of the objective function, from which decision variabe is taken

Optional inequaity constraint functions 𝑔𝑖 : ℝ𝑠 → ℝ
Optional inequaity constraint functions ℎ𝑗 : ℝ𝑠 → ℝ

Rewriting max to min

max 𝑓(𝑧) → min − 𝑓(𝑧)

and, solve for

𝑧⋆
max → 𝑧⋆

min

Properties

𝐽 ⋆ = min
𝑧∈𝑆

𝑓(𝑧⋆)

If 𝐽 ⋆ = −∞ → unbounded below

If 𝑆 is empty then the probelm is infeasible (𝐽 ⋆ ≔ −∞ )

If 𝑆 = 𝑍 → unconstrained

Terminology

Feasible point

A vector 𝑧 ∈ 𝑍 satisfying

the inequality and equality constrains

Strictly feasible point

A vector 𝑧 ∈ 𝑍 satisfying the inequality

constraints strictly that is

𝑔𝑖(𝑧) < 0 ∀𝑖 = 1, …, 𝑚

Optimal soution (minimizer)

Any feasible 𝑧⋆ ∈ 𝑍 s.t. 𝑓(𝑧⋆) ≤ 𝑓(𝑧)
for all feasible 𝑧 ∈ 𝑍

Optimal value (infimum)

𝑓⋆ = 𝐽 ⋆ = 𝑝⋆ = 𝑓(𝑧⋆)

lowest possible objective value

Local optimality

𝑧⋆ is locally optimal if there exists

and 𝑅 > 0 s.t. 𝑧 = 𝑧⋆ is optimal for

‖𝑧 − 𝑧⋆‖2 ≤ 𝑅

Active/Inactive constraint

Active if the inequaity constraint if 𝑔𝑖(𝑧) = 0
Else the constraint is inactive.

Redundant

Redundant if the constraint does not

effect the feasible set.

Removing does not change the solution.

Explicit Constraint

𝑔 and ℎ are explicit constraints.

Implicit

Constraint defined by the function to be minimized

e.g. log(𝑧) → 𝑧 ∈ ℝ+

Linear Programming (LP) formulation

min
𝑧

𝑐⊤𝑧

subject to 𝐺𝑧 ≤ ℎ
𝐴𝑧 = 𝑏

Linear cost, linear constraints,

feasible set is polyhedron

Quadratic Program (QP)

min
𝑧

1
2
𝑧⊤𝑃𝑧 + 𝑞⊤𝑧

subject to 𝐺𝑧 ≤ ℎ
𝐴𝑧 = 𝑏

Convex if 𝑃 ≥ 0
Nonconvex if 𝑃 ≱ 0

Quadratic cost and linear constraints produces polyhedron feasible set

Mixed Integer Linear Programs (MILP)

min
𝑧

𝑐⊤𝑧

subject to 𝐺𝑧 ≤ ℎ
𝐴𝑧 = 𝑏
𝑧 ∈ {0, 1}𝑠 or 𝑧 ∈ ℤ𝑠

linear program with some integer or binary constraints

Least squares

min
𝑧

‖𝐴𝑧 − 𝑏‖2
2

unconstrained solution is 𝐴†𝑏
Convex Optimization

𝑓  is a convex function over domain 𝑍
𝑆 is a convex set

Convex sets

Z is convex ⇔ 𝜆𝑧 + (1 − 𝜆)𝑦 ∈ 𝑍, ∀𝜆 ∈ [0, 1], ∀𝑧, 𝑦 ∈ 𝑍

set 𝑍 is convex iff for any pair of points 𝑧 and 𝑦 in 𝑍 , any convex

combination of 𝑧 and 𝑦 lie in 𝑍

Affine sets

𝑍 = {𝑧 ∈ ℝ𝑠 | 𝐴𝑧 = 𝑏}

a subspace is an affine set where,

𝑏 = 0

Hyperplanes

𝑍 = {𝑧 ∈ ℝ𝑠 | 𝑎⊤𝑧 = 𝑏} for 𝑎 ≠ 0, where 𝑎 ∈ ℝ𝑠

is the normal vector to the hyperplane

Halfspaces

𝑍 = {𝑧 ∈ ℝ𝑠 | 𝑎⊤𝑧 ≤ 𝑏}

open or closed, everything one one side of a hyperplane Polyhedron

𝑍 = {𝑧 | 𝑎⊤
1 𝑧 ≤ 𝑏1, 𝑎⊤

2 𝑧 ≤ 𝑏2, …, 𝑎⊤
𝑚𝑚 ≤ 𝑏𝑚}

= {𝑧 | 𝐴𝑧 ≤ 𝑏}

the intersection of a finite number of closed halfspaces

Polytope

A bounded polyhedron.

the intersections occur such that a closed polyhedron is formed

Vector Norm

Any function 𝑓 : ℝ𝑠 → ℝ satisfying:

1. 𝑓(𝑥) ≥ 0 ∧ 𝑓(𝑧) = 0 ⇒ 𝑧 = 0
2. 𝑓(𝑡𝑥) = |𝑡|𝑓(𝑧) for scalar 𝑡
3. 𝑓(𝑧 + 𝑦) ≤ 𝑓(𝑧) + 𝑓(𝑦), ∀𝑧, 𝑦 ∈ ℝ𝑠

Denoted as ‖𝑧‖.

𝑙𝑝 norm

Denoted as ‖𝑧‖𝑝 on ℝ𝑠 and defined for any 𝑝 ≥ 1 by

‖𝑧‖𝑝 ≔ (∑
𝑠

𝑖=1
|𝑧𝑖|

𝑝)

1
𝑝

Norm ball

{𝑧 | ‖𝑧 − 𝑧𝑐‖ ≤ 𝑟}

always convex for any norm


